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Chapter -4-
Higher-Order Differential Equations
5.1 Initial-Value and Boundary-Value Problems
> Initial-Value Problem (1VP)

For a linear differential equation an nth-order initial-value problem is
n n-1

d
() T3+ B (O g e+ () 22+ 6 ()Y = g

dxn—l

y(x0) = Y0,y (%) = y1,+, Y™V (x0) = yn_4

The solution is a function defined on some interval I, containing x, that satisfies the differential

equation and the n initial conditions specified at x,

y(x%0) = ¥0,¥' (%) = y1,+, Y™V (x0) = yn_4

In the case of second order initial value problem a solution curve must pass through the point (x,, y,)

and have slope y; at this point

» Boundary-Value Problem (BVP)
Boundary — value problem consists of solving a linear differential equation of order two or greater in
which the dependent variable y or its derivatives are specified at different points. A problem such as
2
a,(x) % + al(x)j_i: +ap(x)y = g(x)
y(@) = yo,y(b) =y,
y(a) = y,, y(b) =y, are called boundary conditions. A solution of the foregoing problem is a
function satisfying the differential equation on some interval |, containing a and b, whose graph
passes through the two points (a, yo) and (b, y1). For a second-order differential equation other pairs

of boundary conditions could be solutions of the DE
VoA !
- ¥

y(a) =yo,y'(b) =y,
y'(@) =y0,y(b) =y,

2

y'(a) =y0,y'(b) =y,

~

Q‘

E,
~

~
I I
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Example 1: A BVP Can Have Many, One, or No Solutions
The two-parameter family of solutions of the differential equation

x" +16x = 0,x = cycos4t + c,sin4t

(@) To determine the solution of the equation that further satisfies the boundary conditions x(0) =

s
0,x()=0.
Observe that the first condition implies that c; = 0, so x =cz sin 4t. But when t = g is satisfied

for any choice of ¢z, since sin2 m = 0 Hence the boundary-value problem

X" +16x=0, x(0) =0,x(%) -0

has infinitely many solutions.
The following Figure shows the graphs of some of the members of the one-parameter family x =cz

sin 4t that pass through the two points (0, 0) and (g, 0).

e Y (-.2 f— l

(7T/2. 0)

is changed to

the boundary-value problem

(b) If
T
X" +16x =0, x(0)= O,x(g) =0

then x(0) = 0 still requires c1 = 0, by applying x(%) = 0 demands that 0 =c sin g =cy. 150 c2=0.

Hence x = 0 is the only solution of this new boundary-value problem.
IS changed to

the boundary-value problem

’ ’ 2

Again from x(0)= 0 that c:= 0, but applying x(g) =1 to x=c2 sin 4t leads to the contradiction 1= c,

sin2 r, 1= c2 .0 Hence the boundary-value problem has no solution.
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5.2 Homogeneous Equations

A linear nth-order differential equation of the form
n dn—l

d"y y dy
an(x)ﬁ_i'an—l(x) +---+a1(x)a+a0(x)y= 0

dxn—l
is said to be homogeneous, whereas an equation

n n-—1

d d
() 2+ () g e+ 0 (D) -+ @ (1) = ()

dxn—1
with g(x) not identically zero, is said to be nonhomogeneous.

For example,

2y"" 4+ 3y" — 5y = 0 is a homogeneous linear second-order differential equation

x3y"" + 6y’ + 10y = e* is a nonhomogeneous linear third-order differential equation.

5.3 Differential Operators

In calculus differentiation is often denoted by the capital letter D that is, dy/dx =Dy. For example,
D(cos 4x)= - 4 sin 4x and D(5x3- 6x?) =15x2 - 12x.

Higher-order derivatives can be expressed in terms of D in a natural manner:

d (dy\ d?%y 5 dy
a( )—ﬁ—D(Dy)—Dy andW—Dy

dx

where y represents a sufficiently differentiable function.
For example,

y" +5y" +6y=5x—3,D?y+5Dy+6y=5x—30r (D?+5D+6)y=5x—3
5.4 Superposition Principle

The sum, or superposition, of two or more solutions of a homogeneous linear differential equation is
also a solution. Let y1, y2, . . ., Yk be solutions of the homogeneous nth-order differential equation on

an interval I. Then the linear combination

Yy = c1y1(x) + 2y (x) + - + ¢y (%)

where the ¢, I=1, 2, . . ., k are arbitrary constants, is also a solution on the interval.




Chemical and Petroleum Refining Engineering
Engineering Analysis / 3" stage

Notice

A. A constant multiple y =c1y1(x) of a solution yi(x) of a homogeneous linear differential
equation is also a solution.

B. A homogeneous linear differential equation always possesses the trivial solution'y = 0.

C. If aset of two functions is linearly dependent, then one function is simply a constant multiple
of the other. For example, the set functions f;(x) = sin2x, f,(x) = sinx cosx

D. A set of two functions is linearly independent when neither function is a constant multiple of
the other.

5.5 Linear Dependence and Linear Independence
» Linear Dependence
A set of functions f1(x), f2(x), . . ., fa(x) is said to be linearly dependent on an interval | if there exist
constants cy, Cz, . . ., Cn, Not all zero, such that
c1fi(x) + c2f2(x) + -+ cpfn(x) =0
for every x in the interval.
If a set of two functions is linearly dependent then one function is a constant multiple of the other.
For example, f;(x) = sin 2x , f,(x) = sinx cos x, sin 2x = 2 sin x cos x on interval (-0, o)
» Linear Independence
If the set of functions is not linearly dependent on the interval, it is said to be linearly independent
for every x in the interval whenci1=c,=... =cn=0
c1fi(x) + c2f2(x) + -+ cpfn(x) =0
For example, f;(x) = x, f,(x) = |x| on interval (-o0, o)
Example 2: Determine whether the given set of functions is linearly independent or linearly
dependent

1. The set functions f; (x) = cos?x, f5(x) = sin?x, f3(x) = sec?x, f,(x) = tan’x
c,c08%x + c,sin?x + cgsec?x + cytan®x =0

Since

cos?x + sin?x = 1and 1+ tan?x = sec?x - —sec?x + tan’x = —1

Then

cos?’x + sin®x—sec’x + tan’*x =0
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Compare
c,cos?x + c,sin’x + cgsec?x + cytan®x =0
cg=¢=1c3=—1landc, =1
The set is linearly depentent on the interval (-n/2 ,n/2)
2. The set functions f;(x) =Vx + 5, f5(x) = Vx + 5x, f5(x) = x — 1, f(x) = x?
a(Vx+5)+ c;(WVx+5x) +czs(x —1) + ¢, x2 =0
(c1+c)Vx+ (5c;—c3) + (5cy +c3)x+cyx? =0
c1t+tc,=0-¢=—c,
5ci—c3=0-c¢3=5¢
c, =0
Let
ci=1c¢c,=-1,c3=5andc, =0
L.(Vx+5)+ (-1).(vVx+5x) +5.(x =1+ 0. x2 =0
The set is linearly depentent on the interval (0 , «)
3. The set functions f;(x) =0, f,(x) = x, f35(x) = e* since f;(x) = 0 the set is linear
dependent
c.x)+0.,(x)+ 0.f53(x) =0

Examples:

1. The given family of functions is the general solution of the differential equation on the
indicated interval. Find a member of the family that is a solution of the initial value problem.
(@ y=c4 +cycosx + c3sinx, (—oo,0)
y'+y' =0,y(m)=0,y'(m) =2,y"(n) = -1

y(m) =0=c;+cycosm+c3sinmt—>¢c;—c; =0

y'(m) =2 =—c,sinm+c3cosm — c3 = —2
y'(mr) =—-1=—c,cosm+2sint > ¢, =—1 - ¢; = -1
y=—-—1-—cosx—2sinx

(b) y = c1 + cox?, (-0, )
xy” _y, = 0:3’(0) = O;y'(o) =1
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y0)=0=c¢c;+¢.0>¢;,=0
y'(0) = 1 = ¢,. 0 contradiction
No solution
(©) ¥ = ¢y + cax?, (-o0, )
xy" —y"=0,y(0) =0,y'(0) =0
y0)=0=c¢c;+¢c;.0>¢;,=0
y'(0) = 0 = c,.0 - ¢, is arbitrary

Many solutions such as y = x2,y = 2x?

Exercises
1. Given that x(t) = ¢, coswt + ¢, sinwt is the general solution of x” + w2x = 0 on the interval
((-00, 0), show that

(@) asolution satisfying the initial conditions x(0) = Xo, x'(0) = X1 is given by
X
x(t) = xy coswt + Wlsin wt
(b) a solution satisfying the initial conditions x(to) = xo, x'(t,) = X1 IS given by

X
x(t) = xocosw(t —ty) + Wlsin w(t —ty)

2. Find the member of a family solution y = c;e* + c,e ™ of y'' — y = 0 that satisfies the boundary
conditions y(0) = 0, y(1) =1.
3. Determine whether the given set of functions is linearly independent or linearly dependent on the

interval (-co, o) and identify the constants

fi(x) = x, f,(x) = x?, f3(x) = 4x — 3x?
filx) =5, f,(x) = cos?x, f3(x) = sin’x
fi(x) = cos2x , f,(x) =1, f3(x) = cos?x
fik) =x,Lb(x)=x—-1,f3(x) =x+3
fi(x) =x, f(x) = x?, f5(x) = 4x — 3x?
filx) =2+x,f,(x) =2+ [x]

o O B~ W N
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7 fi) =2+ x,f,(x) =2+ |x|, f5(x) = x
8 i) =1+x,f(x) =x, f3(x) = x*

9 fix) = e*, f,(x) = e7, f3(x) = sinhx
10 filx) = e**2, fo(x) = e*73

5.6 Reduction of Order

Suppose that y1 denotes a nontrivial solution of a,(x)y"” + a;(x)y" + ao(x)y = 0 and that y1 is
defined on an interval I. A second solution y> so that the set consisting of y: and y- is linearly

independent on I.
y2(x)
y1(x)

The function u(x) can be found by substituting into the given differential equation. This method is

= u(x) = y2(x) = u(x)y1(x)

called reduction of order because we must solve a linear first-order differential equation to find u.
1. Divide a,(x)y" + a;(x)y" + ay,(x)y = 0 bya,(x) to put in the standard form

y" +P(x)y"'+ Q(x)y =0 P(x)and Q(x) are continupous in some interval .

2. y;1(x)is a known solution of DE on I and y; (x) # 0 for every x in the interval
3. Definey = u(x)y;(x)
4. A second solution is

- [P(x)dx

720 =3, [ s

Example: The function y; = x2 is a solution of x? y'" — 3xy’ + 4y = 0. Find the general solution

of the differential equation on the interval (0,00)

" 3 I+4 =0
Yy o=3Y Ta2Y T

3 4
P(x) = — and Q(x) = 7z
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3% 3

y, = x? E T ax oy, =22 | Zdx
2 x4 y2 x4_

y, = x%Inx
Y=Y+ Gy, 2y =cx? + cx?Inx

Example: Given that y, = e* is a solution of y"" —y = 0 on the interval (-00,0), use reduction of

order to find a second solution y, and the general solution

y'—y=0-P(x)=0and Q(x) = —1

X edex 1 X —-2x
y, =e f poT: dx—>y2=—§e .e

— __ X
Y2 23

_ x_C_Z —-x
y =cqe > €

5.7 Homogeneous Linear Equations with Constant Coefficients

For solving a homogeneous linear nth-order differential equation with constant coefficients of the
form
dny dn—ly

dy
anﬁ+an_1m+---+ala+aoy=0

where the coefficients a;,i = 0,1, -, n are real constants and a,, # 0
By considering the special case of the second order equation (Auxiliary Equation)

The auxiliary equation of the second order differential equation
ay" + by +cy =0a,band c are constants
am?+bm+c=0

(-b+VbZ-4ac) d _ (=b—Vb%-4ac)
—Za an B —

Since the two roots are m, = ”

m

There will be three forms of the general solution corresponding to the three cases:

» my and m, are real and distinct (b?> — 4ac > 0)

8
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> m, and m, are real and real (b?> — 4ac = 0)

> m, and m, are conjugate complex numbers (b? — 4ac < 0)

Case I: Distinct Real Roots

Under the assumption that the auxiliary equation has two unequal real roots m: and my, we
find two solutions y, = e™* and y, = e™2*, and We see that these functions are linearly
independent on (-0, o) . It follows that the general solution of (2) on this interval is

y = cie™* 4 ¢ e™M2¥

Case I1: Repeated Real Roots

When m1 = my, we necessarily obtain only one exponential solution, y; = e™* where m; =
b . . . . .
~ e The second solution of the equation is y, = xe™*. The general solution is

y = c,e™* 4+ c,xe™*

Case I11: Conjugate Complex Roots
If my and my are complex, then we can write m; = a + iff and m, = a — iff . The general
solution is
y = c,e@HBIx 4 ¢ e(@*iB)x 5y = 0@ (¢, cos Bx + c, Sin fx)
» Two Equations worth knowing
o Equation 1
y"' +k*y =0-> m?+k*=0-my, = tki, k is real number
The general solution is
Yy = ¢4 cos kx + ¢; sin kx
o Equation 2
y"' —k*y =0-> m?*—k*=0->my, =tk
The general solution is
y = e’ + cpe*

Since cosh kx and sinh kx are linearly independent on any interval of the x-axis,
y = %(ekx + e *¥) = coshkx, y = %(ekx — e **) = sinh kx
An alternative form for the general solution of

y = ¢, sinh kx + ¢, cosh kx

9
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Example: Solve the following differential equations

(@ 2y"—-5y"=3y=0

1
2m2—5m—3=0—>m1=—5, m, =3

y = cle_%x + c,e3*
(b) y" —10y" + 25y =0
m2—10m+25=0->(m—-5?2?=0-> m;=m, =5
y = c e + cxe5*
© y'+4y'+7y=0
m2+4am+7=0- m;=-2+V3i,m,=-2-3i
y = e %(cy cosV3 x + ¢, sinV3x)

Example: Solve IVP
4y" + 4y' + 17y = 0,y(0) = —1, y'(0) =2

1 1
4m?+4m+17=0- m1=—5+2i,m2=—§—1

X
y =e 2(c;cos2x + cysin2x)

y(0)=—-1=1.(c;.14+¢,.0) > ¢, =-1

NIR

1] —_

1 1 SN
y =e ((§+262)c052x+(2—Ecz)sm2x> B

, 1 1 3,
y(0)=2=1 (E+2C2)1+(2_EC2>0 _)C2=Z [ — 1 v 3 4 5

y

-Xr3 .
e 2(Zsm2x—c052x) x—>o0y->0

10
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5.8 Higher-Order Equations

In general, to solve an nth-order differential equation where the a;, i =0, 1, . . ., n are real constants,

we must solve an nth-degree polynomial equation
a,m"+ ap_ym" 1+ 4+ aym?+ am+ a; =0
Case I:If all the roots of are real and distinct, then the general solution is

y = cie™* + c,e™2* + .o+ cpen¥
Case I1: When m; is a root of multiplicity k of an nth-degree auxiliary equation (k roots are equal to

m,), the general solution must contain the linear combination

y = c,e™* + c,xe™¥ + cyxZe™¥ 4 oo 4 g xkTle™*
Case I11: Complex roots of an auxiliary equation always appear in conjugate pairs. when the
auxiliary equation has repeated complex roots the general solution must contain the linear

combination
y = e“x((cl cos Bx + ¢, sin Bx) + x(c5 cos Bx + ¢4 sin fx) + -+
+ x*71(cyp—1 cOS Bx + Cyp sin ﬁx))
Example: Solve
y" +3y" -4y =0
m34+43m? —4=0
From exspection m; =1
By division m3+3m? —4 = (m — 1)(m? + 4m + 4) = (m — 1)(m + 2)?
m; =1,m,3=—2
The general solution

y = cie¥ + c,e” % + cyxe”

11
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y® +2y" +y=0
m*+2m?+1=(m?+1)2=0
mllz == il ,m3,4_ == i‘l

y = (c; cosx + ¢, sinx) + x(c3 cosx + ¢, sin x)

Exercises

1. Each Figure represents the graph of a particular solution of one of the following differential
equations:
(@ y"—-3y'—4y=0
b)yy"+2y'+y=0
©y'+y=0
dy"+2y"+2y=0
() y"—-3y'+2y=0
Match a solution curve with one of the differential equations.

Vi Vi

J% 1%

)
Y

Vi

.
g
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2. Find a homogeneous linear differential equation with constant coefficients whose general
solution is given

(@) y = cie* + c,e>*

(b) y =cie ™ + c,e™3*

(€) ¥y = c1 + ce?

(d) y = c1e?* + ¢, xet0*

(e) y = ¢4 cos 3x + ¢, sin 3x

() y = ¢ysinh7x + cycosh7x

Q) y = cie ¥cosx + cye *sinx

(h) ¥ = ¢ + c,e”?*cos5x + c,e " **sin5x
() y=cg + cpx + c3e®

() ¥ =cqcosx + cy8inx + c3€0S82x + ¢4Sin2x

13




