Chemical and Petroleum Refining Engineering
Engineering Analysis / 3" stage

Chapter 2
First Order Differential Equations

2.1 Solution Curves without a Solution

2.1.1 Direction Fields

A derivative Z—i of a differentiable function gives slopes of tangent lines at points on its graph.
> Slope

The function f in the normal form % = f(x,y) is called the slope function or rate function. The slope of the

tangent line at (x, y(x))on a solution curve is the value of the first derivativeZ—z at this point.

For example, consider the equation % = 0.2xy, where f(x,y) = 0.2xy. At the point (2, 3) the slope of a lineal

elementis f(2,3) = 0.2(2)(3)=1.2.
» Direction Field

Direction field or Slope field of the differential equation Z—i = f(x,y) is to evaluate f over a rectangular grid of

points in the xy-plane and draw a line element at each point (x, y) of the grid with slope f (X, y), then the collection
of all these line elements.
Visually, the direction field suggests the appearance or shape of a family of solution curves of the differential

equation. The following Figure shows a computer-generated direction field of the differential equation % =

sin(x + y)over a region of the xy-plane. A single solution curve that passes through a direction field must follow

the flow pattern of the field; it is tangent to a lineal element when it intersects a point in the grid.
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> Increasing/Decreasing

If Z—z >0 (orZ—z < 0) for all x in an interval I, then a differentiable function y =y(x) is increasing (or decreasing)

on I.

2.1.2 Autonomous First-Order DEs
An ordinary differential equation in which the independent variable does not appear explicitly is said to be

autonomous. If the symbol x denotes the independent variable, then an autonomous first-order differential
equation can be written as f(y,y') = 0 or in normal form as Z—Z = f(y)

The first-order equations are autonomous and nonautonomous, respectively.

dy fly dy JACE))
—=1 2 —=0.2
I +y and I 0.2xy

» Autonomous DEs and Direction Fields

If a first-order differential equation is autonomous, then slopes of lineal elements through points in the rectangular
grid used to construct a direction field for the DE depend solely on the y-coordinate of the points.

Lineal elements passing through points on any horizontal line must all have the same slope and therefore are

parallel; slopes of lineal elements alona any vertical line will vary.

slopes of lineal
elements on a
slopes of lineal vertical line vary
elements on a horizontal
line are all the same
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Direction field for Z—Z =2(y—-1)
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2.2 Separable Equations
» First Order Separable ODE

Afirst order ODE of the form

d
—=f@g0) or gy = f()dx

is said to be separable or to have separable variable.

d . . d
For example, é = y2xe3¥+4 js separable since d—z = (y2e®)(xe3¥)

d . .
d—z = y + sinx is not separable

There is no need to use two constants in the integration of a separable equation, because if we write H( y) +c1

=G(x) + c2, then the difference c. - c1 can be replaced by a single constant ¢. Thus, multiples of constants or

combinations of constants can sometimes be replaced by a single constant.

Examples: Which of the following differential equations are separable?

dy _ x-5 ay _ o _ ey Ll
(1) E - yz dox - (x 5)(3/'2)
ay _ y-1 ay _ 1 Ney
(Z)E - x+3 dx - (x+3)(y 1)
3)y' = xy —ye* y' =y —e*)
(4)y' — 2xy = x? y' =2xy+x% =xQ2y+x) Not separable
B) y' =-2y+e* NO
6) y' =xy—ye* =y(x —e*)
7 y' —-2xy=x v =xQy+1)

» How to Solve a Separable Differential Equation
- oay =
1. Separate: pes dy = f(x)dx
2. Integrate (if you can) fﬁdy = [ f(x)dx

3. Solve for y (if possible)
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Examples: Solve

(1+x)dy —ydx =0
fdy_f dx
y J1+x

Inly| =In|1+ x| + ¢,

y = eln|1+x|+cl ln|1+x|.ecl

=e
= |1+ x|e“

=te“1(14+x)=c(1+x)

dy 1
Ix (x — 5)(?)

fyzdy = j(x —5)dx

1
3

1
y3=§x2—5x+C

3
y3=5x2—15x+C

33
y = Ex2—15x+C

y'=xy—ye*

f%dy = f(x—ex)dx
1

lnyzzxz—ex+C

y = ez = e2 et =(Ce2" "¢
y —2xy =x
y'=2xy+x
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dy— 2y +1

1
fzy_l_ldy—dex

11 (2 +1)—1 2+C
Zn y —ZX

In2Qy +1) =x*+ C;
2y +1) = eX*+C
2y + 1) = kye**

Example: Solve IVP
y'=3y, y(0)=-2

d
dy_a,

dx

[Lay= [ 3a
—_ — X
y y

Inlyl|=3x+C

|y| — e3x+C

y = Cpe®*
y(0) = Cpe® = -2
Co=—2
y=—-2e3*
Example: Solve IVP

QU
=
<

I R R N B

atx=4andy = -3
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x%?+y? =25
y = 125 — x?

The two functions y = @,(x) = +V25 —x2 and y = 0,(x) = —V25 — x?

The solution is

y=0u() = B2
Example: Solve

dy 5
A —4
dx y

1 1
fdy =fdx:>f 4 ___ 4 dzfdx
y2—4 y—2 y+2 4

1 1
Zlnly - 2| —Zlnly +2|=x+¢

1 -2 -2
“in X | =4x+c2=>y—=ie4x+C2
4 ly+2 y+2
_, 1+ ce**
=47 + ce**
H.W: Solve
2y dy .
(e®Y —y)cosx o e¥sin2x, y(0)=0
Exercises

1. Solve the given differential equation by separation of variables.
@) Z—Z = sin 5x

(b) dx + e3*dy = 0
d
(c)xd—i} =4y
(d) d_y — e3x+2y
dx

(e)escy dx + sec?xdy =0
(f) sin 3x dx + 2y cos3*3xdy = 0
(@) x(1 +y»)2dx = y(1 + x*)/*dy
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2. Find an explicit solution of the given initial-value problem.

(a)% =4(x*>+1),x G) =1

(b) 22 dx

Frink A xy,y(—1) = -1

2.3 Linear Equations

A first order differential equation of the form

d
@ () 2+ a(X)y = 9(x)

Is said to be a linear equation

When g(x) =0, the linear equation is said to be homogeneous otherwise is nonhomogeneous.

The standard form of of a linear equation

dy B
FR P(x)y = f(x)

A solution of this linear DE is on interval | for which both coefficient functions P and f are continuous.

» Solving a linear first order equation
1. Remember to put a linear equation into the standard form
2. ldentify P(x) and find the integrating factor
u(x) = el Pax
Notice: no constant need be used in evaluing the indefinite integral [ p(x) dx
3. Multiply the both sides of the standard form equation by the integrating factor.
u(x)y" + u(x)px)y = f()ulx)
4. Integrate both sides of the last equation and solve for y
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d
—@().y) = u@f ()

y = e~ Jp()dx fefp(x)dxf(x)dx + ce—Jp(ax

Example: Solve

dy dy
a—33’—0 E‘FP(X)}’—f(X)

SOLUTION: This linear equation can be solved by separation of variables. Alternatively, since the differential
equation is already in standard form,

o Identify P(x) = =3 and f(x) =0
o Integrating factor is e/ P()—3dx = o=3x
o Multiply the given equation by this factor
dy d
-3x_7 _ 3%, — p—3X ; _ [,—3x —
e 3e °*y = e7°*.0 is the same as dx[e yl=0
o Integration of the last equation

d
fa(e_”y):dex - e3¥y=C ory=Ce3 on—o<x<wo

Example: Solve

Y 3,6 Y PGy = )
dx YT dx Xy =fx

SOLUTION: This linear equation can be solved by separation of variables. Alternatively, since the differential
equation is already in standard form,

o Identify P(x) = -3 and f(x) =6

o Integrating factor is e/ P()—3dx — g=3x

o Multiply the given equation by this factor

d d
e‘3x% —3e 3y = e73% 6 is the same as = [e™3*y] = 673
o Integration of the last equation

—-3x

3

e

d
fa(e‘3xy)=f6e‘3xdx - e 3%y = —6( +C ory=-2+Ce3 on—oo<x<o
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Example: Solve

d
x d_ic] — 4y = x%e*

o Dividing by x, the standard form is

dy 4 5

prae i
o ldentify P(x) = % and f(x) = x%e* are continuous on (0, )
o Integrating factor is e/ ~44%/* = g=4Inx — pInx™" _ ;-4
o Multiply by x~* and rewrite

dy d
-4 7 _ 4 =5, — X [+ —% — X
Xt T ATy = xe asdx[x yl=xe

o Integration of the last equation

d
fa[x_“y]:fxexdx - xty=xe¥—e*+cory=x°e*—x*e*+cx* on(0,o)

Example: Find the general solution of

d
(x2—9)£+xy=0

o Dividing by (x? — 9), the standard form is
dy X
v =0
dx + (x%2-9) y

o ldentify

P(x) = (xzx_g) and f(x) = 0 are continuous on (—,0), (—3,3)and (3, »)
1
o Integrating factor is e/ ¥¢x/(x*=9) = gxMl*-9| = \fZ—g

Multiply by vx2 — 9 and rewrite

dy xVx?-9 d
N o A — 2 =
X 9dx 2= 9) y=0as I [\/x 9 y] 0

O

Integration of the last equation

J%[\/x2—9y]=10dx
Vx2—-9y=cory=

o

c
Nropmr on (—,0) and(3, o)
x —
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Example: An initial value problem

Solve

d
—y+y=x, y(0) =4

dx
o ldentify
P(x) = 1 and f(x) = x are continuous on (—oo, )
o Integrating factor is e/ 4* = e*
o Multiply by e*and rewrite
ex;i—i:+ e*y = xe* as %[ex y] = xe*
o Integration of the last equation
d X X
fa[e y]=jxe dx
e*y=xe*—e*+cory=x—1+4+ce™
o Substitutingy =4atx =0

y=x—14+5e™ on (—oo, )

Example: Solve

y' —2xy=x
p(x) = =2x o u(x)=elxdx = g=x°
e’y —2xe ™'y =e ¥ . x

d 1
2

2

e* (e ——l —x* 4 C
y=-3e +0)

Example: Solve
ldy 2y

—d———2=xcosx, x>0
xdx x
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d 2 2
T-Texlosx  p=-2 , u()=e ¥ = oCim
u(x) = x72

d 2 _
I (x7?y) = cosx

x %y = f cosx dx = sinx + C

y = x?sinx + Cx?

Example: Solve

Inx
xy'+3y=—
d 3 Inx 3 3
d_ic] toy=2 pP=_  ul)= el = o3 = 3
d Inx
3 0 — 23 _
J-a(x.y)—xy , ?—jxlnxdx
'y = L2 fld —lnx dv=xdr du=—dr v=oa?
Xy =Zxtlnx - X dx u=lnx dv=xdx du=_dx v=gx
1 1
x3y=§x2lnx—2x2+C
Inx 1 C
Y=o —57-T=3
2x  4x  x

Example: Solve IVP
y' +2y=4, y(0)=5
p(X) =2, u(x) = ef2dx — er
e?y = f4€2x dx

ey =2e* +C
y=2+Ce?* > y(0)=2+Ce®=5 > (C=3
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Exercises

1. Find the general solution of the given differential equation.
dy
()5~ =5y

dy
bh) — — p3x
()dx+y e

(c)y' + 3x2%y = x*?
(@) x%*y' +xy=1

2. Solve the given initial-value problem. Give the largest interval | over which the solution is defined.
dy
(@) =x+5y,y(0) =3

(b)xy'+y=¢e*y(1) =2
2.4 Exact Equations

If z = f(x,y) is afunction of two variable with continuous first partial derivativtives in a region of xy plane, then

its differential is

of of
dz —adx+@dy

In the special case when f(x,y) = ¢, where c is a constant then

of of
ad%ﬁ'@d}/ =0

For example, if x? — 5xy + y3 = ¢, then the first order DE
(2x — 5y)dx + (—=5x + 3y?)dy = 0
A differential expression M(x, y) dx + N(x, y) dy is an exact differential in a region R of the xy plane. A first-
order differential equation of the form
M(x,y)dx + N(x,y)dy =0
is said to be an exact equation if the expression on the left-hand side is an exact differential. For example

x2y3dx + x3y2dy = 0 is an exact equation because its left hand side is an exact differential

12
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1
d (§x3y3> = x%y3dx + x3y2dy

A necessary and sufficient condition that DE be an exact differential is
oM _ oN
dy  0x
» Method of solution given an equation in the differential form M(X, y) dx + N(Xx, y) dy=0
o Determine M(x, y) and N(x, y)
o If
oM _ON
dy  ox

o Exist a function f

fmw=jMwww+mw

o ldentify g'(y)
0) = NGoy) - 5 [ MGy
g y - x:y ay X,y X
o Integrate g’'(y) and substitute in f(x,y) = [ M(x,y)dx + g(v)
o f(x,y)=c

In case using N (x, y)

fG,y) = [ NCGx,y)dy + h(x)

R () = M(x,y) = o= [ N(x,y)dy

Integrate h’(x) and substitute in f(x,y) = [ N(x,y)dy + h(x)
f(x,y)=c

Example: Solve
2xydx + (x> —1)dy =0

M(x,y) = 2xy and N(x,y) = x?> — 1
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6M_2 _ON
dy x_ax

M(x,y) = 2xy and N(x,y) = x*> -1

flx,y) = f 2xydx + g(y) = x*y + g(y)

g =x*-1)-x*= fg’(y) dy = f —dy

gy) = -y
foy)=x*y—y=c
Example: Solve
(e?Y — ycosxy)dx + (2xe? — xcos xy + 2y)dy = 0
M(x,y) = e* — ycosxy and N(x,y) = 2xe®¥ — xcos xy + 2y

oM 262V ) _ON .
dy - e cos xy —xy sinxy =——  exac

M(x,y) = e?Y — ycosxy = and N(x,y) = 2xe?Y — xcos xy + 2y

floy) = f(erzy — xcos xy + 2y)dy + h(x) = xe? — sinxy + y% + h(x)

h'(x) = (e? — y cos xy) — (82)/ — ycosxy) = fh,(x) dx = f 0 dx

h(x) =c
flx,y) =xe® —sinxy +y*+c
Example: Solve IVP

dy xy?—cosxsinx
dx  y(1—x2)

, ¥(0)=2

(cosxsinx — xy?)dx + y(1 —x?)dy =0

M(x,y) = cosxsinx —xy? and N(x,y) = y(1 — x?)
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oM ) _ON .
3y " xy =—— exac

M(x,y) = cosxsinx — xy? = and N(x,y) = y(1 — x?)
_ 2 _y 2
FOu) = [0 = ¥)dy + hG) =51 =22 + hx)
h'(x) = (cosx sinx — xy?) + xy? = fh’(x) dx = J cosxsinx dx

h(x) = —cos 2x

2

}%(1 —x?) —%cos x=¢
y2(1—x%) —cos?x=c
Substitute the initial condition c=3. An implicit solution is
22(1—-0%)—cos?(0)=c=c=3

y2(1 —x2) —cos?x =3

y2(1—x%) —cos?x=c
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